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Abstract
For an integer c2 and k = 2, 3, guaranteed upper bounds on the length of a shortest path through k prescribed vertices of a
c-connected graph or a c-connected planar graph are proved.
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1. Introduction and results
Dirac [3] proved that for a given integer c2 any k (1kc) prescribed vertices of a c-connected graph belong to
a common cycle. In [4] we investigated the length of short cycles through k prescribed vertices with 1k min{c, 3}
in a c-connected graph G.
Analogously, here we consider short paths through k prescribed vertices in a c-connected graph G. Results on paths
and cycles through speciﬁed vertices of a graph can be found in [1,3–7]. Observe that for a given integer c2 from
Dirac’s result it can be deduced that any k (1kc + 1) vertices of a c-connected graph G belong to a common path.
However, the complete bipartite graphKc,c+2 shows that this is not true for c+2 prescribed vertices. Let c, k, l be given
integers with 2kc + 1 and k − 1 l. Then, we ask for the minimum number n such that there exists a c-connected
graph G of order n with k vertices such that the length of every path containing them is at least l (where the number of the
edges of a path P is its length l(P )). Call this number Nk(c, l) and, more special, N∗k (c, l) if G is required to be planar.
Trivially, Nk(c, k − 1)= c + 1 for 3kc + 1 because the complete graph Kc+1 is the smallest c-connected graph
and any k vertices of Kc+1 are connected by a path of length k − 1. Results on Nk(c, l) for k = 2, 3 are summarized in
Theorem 1.
Theorem 1.
(i) N2(c, l) = c(l − 1) + 2 for 2c and 2 l.
(ii) N3(2, l) = (3l − 2)/2 for 4 l.
(iii) N3(c, l) = (3c/4)l − (8 − r)c/4 + (11 − r)/4 for 3c and 4 l ≡ r (mod 4).
(iv) N3(c, 3) = c + 3 for 2c.
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The construction method we used to prove the upper bound of N3(c, l) allows more general to verify Nk(c, l)
(kc/2(k − 1))l − (k − 1)c + k for 2kc in the special case l ≡ 0 (mod 2(k − 1)). But, for k4 we do not know a
non-trivial lower bound for Nk(c, l).
Results on N∗k (c, l) for k = 2, 3 are summarized in the next theorem.
Theorem 2.
(i) N∗2 (c, l) = N2(c, l) for 2c5 and 2 l where (c, l) = (5, 2), N∗2 (5, 2) = 12.
(ii) N∗3 (3, l) = (9l − 8 + r)/4 for 4 l ≡ r (mod 4).
(iii) For 4 l ≡ r (mod 2),
N∗3 (4, l) =
{
3l + r − 4 if l ≡ 0 or 1 (mod 4),
3l + r − 3 if l ≡ 2 or 3 (mod 4).
(iv) For 4< l ≡ r (mod 2), (15l − 20)/4 + rN∗3 (5, l)(15l − 20)/4 + s with
s =
⎧⎪⎨⎪⎩
1 if 12 l ≡ 0 (mod 4),
2 if l = 8 or 8< l /≡ 0 (mod 4),
3 if l = 5 or 6,
4 if l = 7.
Notice in addition that N∗3 (3, 3) = 6, N∗3 (4, 3) = 7 and N∗3 (5, 3) = N∗3 (5, 4) = 12.
2. Proofs
For terminology and notation not deﬁned here we refer to [2]. Let G be a graph and A,B ⊆ V (G). A path P of G
with one end-vertex in A and B, respectively, and with |V (P ) ∩ A| = |V (P ) ∩ B| = 1 is called an AB-path. If A or
B consists of a single vertex x we write x instead of {x}. For some a ∈ V (G) and B ⊆ V (G)\{a} we call the union
of aB-paths an aB-fan D if they have pairwise only the vertex a in common and if B ⊆ V (D). dG(x, y) denotes the
usual distance between x, y ∈ V (G), that is the minimal length of an xy-path in G. A path system is a set of internally
disjoint paths. For a path systemP let [P], EV (P) and CO(P) denote the union of all paths, the set of all end-vertices
of paths ofP and the set of all pairs of end-vertices connected by a path ofP, the so-called connections, respectively.
The multiplicity of a connection (x, y) ∈ CO(P) is the number of xy-paths in P and is denoted by mP(x, y). The
following lemma is proved in [4].
Lemma 1. For c2 let G be a c-connected graph and x, y, z ∈ V (G). Then, for every integer i with 2 ic, G
contains a set Ai ⊆ V (G)\{x, y, z} and a path system Pi satisfying
EV (Pi ) = {x, y, z} ∪ Ai,
CO(Pi ) ⊆ {(x, y), (x, z), (y, z)} ∪ ⋃
a∈Ai
{(x, a), (y, a), (z, a)},
mPi (x, a) = mPi (y, a) = mPi (z, a) = 1 for all a ∈ Ai and
d[Pi ](x) = d[Pi ](y) = c, d[Pi ](z) = i.
Lemma 1 yields for i=c a path systemP=Pc in G with a setA=Ac={a1, . . . , aq} ⊆ V (G)\{x, y, z}. The subgraph
[P] of G can be covered by p cycles Ci (i = 1, . . . , p) and q aj {x, y, z}-fans Dj (j = 1, . . . , q) with 2p + q = c such
that cycles and fans have pairwise only the vertices x, y, z in common. Thus,
n |[P]| =
p∑
i=1
(|Ci | − 3) +
q∑
j=1
(|Dj | − 3) + 3. (1)
Observe that every cycle C of G containing x, y, z has three different paths passing x, y, z and with end-vertices in
{x, y, z}. That implies 2|C| = 2|E(C)|3l and, consequently, |C|3l/2. The union Di ∪ Dj of two different fans
of [P] contains six paths passing x, y, z and with end-vertices in {x, y, z} where every edge occurs in four of these
paths. That implies 4(|E(Di)| + |E(Dj )|)6l and, consequently, |E(Di)| + |E(Dj )|3l/2.
E. Hexel / Discrete Mathematics 307 (2007) 905–910 907
Proof of Theorem 1(i). Let us consider two vertices x, y which are connected by c internally disjoint xy-paths of
length l. Two vertices of these paths are connected by an additional edge if they have the same distance from x. The
resulting graph H is c-connected, and the length of every path passing x and y is at least l. The order of H is c(l−1)+2
which implies N2(c, l)c(l − 1) + 2.
Now, suppose that G is a c-connected graph with vertices x, y ∈ V (G) such that the length of a shortest path of
G containing x and y is at least l. Then, G contains c internally disjoint xy-paths none of them shorter than l. Thus,
|G|c(l − 1) + 2 and the proof is complete. 
Proof of Theorem 1(ii). Let H be the 2-connected graph which is obtained from the complete bipartite graph K2,3
on the vertex classes {a, b} and {x, y, z} by subdividing each of the edges ax, ay by (l − 4)/2 and az by (l −
4)/2 new vertices. The order of H is (3l − 2)/2 and every path containing x, y, z is of length  l, consequently,
N3(2, l)(3l − 2)/2.
Suppose that G is a 2-connected graph of order n such that the length of a shortest path containing certain three
vertices x, y, z is at least l. Lemma 1 with i=2 implies that G has a path systemP=P2 withA=A2 ⊆ V (G)\{x, y, z}
such that q = |A| = 0 or 2. If q = 0 then [P] is a cycle and, relation (1) yields n3l/2. If, otherwise, q = 2 then
[P] is covered by two fans D1,D2 and relation (1) together with |E(D1)| + |E(D2)|3l/2 and |Dj | = |E(Dj )| + 1
yields n3l/2 − 1. Thus, N3(2, l)(3l − 2)/2. 
Proof of Theorem 1(iii). Let H be the c-connected graph which results from the complete graph Kc with V (Kc) =
{a1, . . . , ac} by introducing three new vertices x, y, z and connecting them with each ai (i = 1, . . . , c) by an edge.
Next, let G(l) be the c-connected graph which is obtained from H by subdividing every e ∈ E(H)\E(Kc) by l/4−1
new vertices and by connecting two of them by an edge if they have to one of x, y or z the same distance not larger
than l/4 − 1.
If l ≡ 0 (mod 4) then let G0(l) = G(l). Clearly, every path of G0(l) containing the vertices x, y and z has length at
least l and the order of G0(l) is (3c/4)l−2c+3. If l ≡ 1 (mod 4) then let G1(l) be the c-connected graph which results
from G(l) by subdividing every edge which is incident with x by a new vertex and by connecting the new neighbours
of x pairwise by edges. Clearly, every path of G1(l) containing the vertices x, y and z has length at least l. A simple
calculation shows that the order of G1(l) is (3c/4)l − 74c+ 3. If l ≡ 2 (mod 4) then let G2(l) be the c-connected graph
obtained from G(l) by subdividing every edge which is incident with x or y by a new vertex and by connecting the
new neighbours of x or y, respectively, pairwise by edges. Every path of G2(l) containing the vertices x, y and z has
length at least l. A simple calculation shows that the order of G2(l) is (3c/4)l − 32c + 3. If l ≡ 3 (mod 4) then let
G3(l) be the c-connected graph which is derived from G(l + 1) by contracting some edge which is incident with x to
the new vertex x. Every path of G3(l) containing the vertices x, y and z has length at least l and the order of G3(l) is
(3c/4)(l + 1) − 2c + 2. Thus, the upper bound is proved.
Now, suppose that G is a c-connected graph of order n such that the length of a shortest path containing certain
three vertices x, y, z is at least l. By Lemma 1 G has a path system P = Pc with A = Ac ⊆ V (G)\{x, y, z}. Let
Ci (i = 1, . . . , p) and Dj (j = 1, . . . , q) with q = |A| be the cycles and fans, respectively, which cover [P].
First, suppose q2. We may assume that |E(D1)| + |E(D2)|3l/2 and |E(Dj )|3l/4 for 3jq. Consid-
ering that |Ci | = |E(Ci)| and |Dj | = |E(Dj )| + 1 relation (1) yields
np
⌈
3l
2
⌉
− 3p +
⌈
3l
2
⌉
+ (q − 2)
⌈
3l
4
⌉
− 2q + 3
= c
⌈
3l
4
⌉
+ p
(⌈
3l
2
⌉
− 2
⌈
3l
4
⌉
+ 1
)
+
⌈
3l
2
⌉
− 2
⌈
3l
4
⌉
− 2c + 3
c
⌈
3l
4
⌉
+
⌈
3l
2
⌉
− 2
⌈
3l
4
⌉
− 2c + 3 =: N1.
If q = 0, i.e., c = 2p relation (1) together with |Ci |3l/2 yields
n c
2
⌈
3l
2
⌉
− 3c
2
+ 3 =: N2.
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If, otherwise, q=1 which means that c=2p+1 the subgraph C1 ∪D1 of [P] has three cycles C˜1, C˜2, C˜3 containing
x, y, z and a (where A = {a}) such that
2|E(C1 ∪ D1)| = 2(|E(C1)| + |E(D1)|) = |E(C˜1)| + |E(C˜2)| + |E(C˜3)|3
⌈
3l
2
⌉
. (2)
Here, relation (1) yields
2n = 2(|E(C1)| + |E(D1)|) + 2 + 2
p∑
i=2
|Ci | − 6p
3
⌈
3l
2
⌉
+ 2(p − 1)
⌈
3l
2
⌉
− 6p + 2 = c
⌈
3l
2
⌉
− 3c + 5
and, consequently,
n
⌈
1
2
(⌈
3l
2
⌉
c − 3c + 5
)⌉
=: N3.
A simple calculation shows that N1 is smaller than N2 and N3, too, and that N1 corresponds to the assertion of
Theorem 1(iii) for all l /≡ 2 (mod 4).
Suppose that this assertion does not hold for l ≡ 2 (mod 4). Then, n is equal to N1 and q2. Let l = 4m + 2,
then |E(Ci)| = 6m + 3, |E(D1)| + |E(D2)| = 6m + 3 and |E(Dj )| = 3m + 2 for 1 ip and 3jq. Because of
|E(Di)|+ |E(Dj )|6m+3 for 1 i < jq we may choose |E(D1)|=3m+1 and |E(D2)|=3m+2. Let Px , Py , Pz
denote the unique a1x-path, a1y-path and a1z-path in D1, respectively. We may assume |E(Px)| |E(Py)| |E(Pz)|
which implies |E(Px)|m and |E(Px)|+ |E(Py)|2m. If we consider now the paths P1 = (x . . . a1 . . . y . . . a2 . . . z),
P2 = (y . . . a2 . . . x . . . a1 . . . z) and P3 = (y . . . a1 . . . x . . . a2 . . . z)in D1 ∪ D2 which have a length  l then we can
observe that 12m + 6 = 3l |E(P1)| + |E(P2)| + |E(P3)| = |E(D1)| + 2|E(D2)| + 2|E(Px)| + |E(Py)|12m + 5.
That gives a contradiction and completes the proof. 
Proof of Theorem 1(iv). Let H be the c-connected graph of order c + 3 which is obtained from Kc by adding three
new vertices x, y, z, connecting them with each vertex of Kc and introducing an edge xy. Every path of H containing
x, y, z has length 3 which implies N3(c, 3)c + 3. Now, suppose that G is a c-connected graph of order n such
that a shortest path containing certain three vertices x, y, z ∈ V (G) has length 3. If the subgraph of G induced by
{x, y, z} contains two edges, there is a path of length 2 in G containing {x, y, z}. Hence one vertex of {x, y, z}, say x,
is non-adjacent with the other two vertices. Then, cdG(x)n − 3 which proves N3(c, 3)c + 3. 
Proof of Theorem 2(i). It is enough to prove the upper bound. The graph H constructed to proof Theorem 1(i) is planar
for c=1, 2, 3. In the cases c=4, 5 let us consider two vertices x, y which are connected by c internally disjoint xy-paths
Pi =xz(i)1 . . . z(i)l−1y with i =1, . . . , c. The planar c-connected graph H which is obtained by adding edges z(i)j z(i+1)j for
every j (1j l−1) and in the case c=5 if l > 2, additionally, edges z(i)j z(i+1)j+1 with i=1, . . . , c (upper index modulo
c) is of order c(l − 1) + 2 where every path passing x and y has length at least l. That implies N∗2 (c, l)c(l − 1) + 2
in every considered case.
The icosahedron graph is the smallest 5-connected planar graph and contains two vertices of distance 2. That proves
N∗2 (5, 2) = 12. 
Proof of Theorem 2(ii). Put  = (l) = (l − 2)/2 and  = (l) = (l − 4)/4 and suppose l ≡ r (mod 4) where
r ∈ {0, 1, 2, 3}. Let H be the graph derived from the complete graph K4 with V (K4)={x, y, z, a} by subdividing every
edge e with respect to r by the number of new vertices given in Table 1.
Connect two vertices u, v ∈ V (H)\{a} by an edge if 0<dH−a(u,w) = dH−a(v,w)(l − 2)/4 for a suitable
w ∈ {x, y, z}. The resulting graph H ∗ is planar, 3-connected and it is not hard to see that the length of every path
containing the vertices x, y, z is at least l. Using the above table a simple calculation yields that the order of H ∗ is
(9l − 8)/4 and (9l − 8)/4 + 1 if l /≡ 3 (mod 4) and l ≡ 3 (mod 4), respectively, which proves the upper bound.
Suppose that G is a planar 3-connected graph of order n with three vertices x, y, z such that the length of a shortest
path of G containing x, y, z is at least l. Lemma 1 with i=c=3 implies that G has a path systemP=P3 withA=A3 ⊆
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Table 1
r\e xy xz yz xa ya za
0      
1 + 1 + 1  + 1  
2    + 1 + 1 
3 + 1 + 1 + 1 + 1 + 1 
Table 2
r\e xy yz xa xb xc ya yc za zb zc
0          
1 + 1 + 1    + 1 + 1   
2   + 1 + 1 + 1   + 1  + 1
3 + 1 + 1 + 1 + 1 + 1  + 1 + 1 + 1 + 1
V (G)\{x, y, z} such that q=|A|=1. Relation (1) together with (2) implies 2n2(|E(C1)|+|E(D1)|)−433l/2−4
and, consequently, n 323l/2 − 2 which proves the lower bound. 
Proof of Theorem 2(iii). Put  = (l) = (l − 2)/2 and  = (l) = (l − 4)/4 and suppose l ≡ r (mod 4) with
r ∈ {0, 1, 2, 3}. Let H be an embedding of the octahedron graph in the plane with V (H) = {x, y, z, a, b, c} such
that xyz and abc are paths but no triangles. Next, let H ∗ be the planar 4-connected graph which results from H by
subdividing the edges e ∈ E(H)\{ab, bc} with respect to r by the number of new vertices given in Table 2 and by
connecting two non-adjacent vertices u, v ∈ V (H)\{x, y, z} by an edge if u, v are incident with the same face of H
and if 0<dH (u,w) = dH (v,w)(l − 2)/4 for a suitable w ∈ {x, y, z}.
It is not hard to see that the length of every path in H ∗ containing the vertices x, y, z is at least l. Using Table 2 a
simple calculation shows that the order of H ∗ corresponds to the asserted upper bound for N∗3 (4, l), in every case.
Suppose that G is a planar 4-connected graph of order n such that the length of a shortest path containing certain three
vertices x, y, z is at least l. Lemma1with i=c=4 implies thatG has a path systemP=P4 withA=A4 ⊆ V (G)\{x, y, z}
such that q = |A| = 0 or 2. If q = 0 then [P] is covered by p = 2 cycles and, relation (1) together with |Ci |3l/2
implies that n23l/2−3. If, otherwise, q=2 then [P] is covered by p=1 cycle and 2 fans and, relation (1) together
with |C1|3l/2, |E(D1)| + |E(D2)|3l/2, |Dj | = |E(Dj )| + 1 implies n23l/2 − 4. That proves the lower
bound for l ≡ 0, 1 (mod 4). For l ≡ 2 or 3 (mod 4) suppose n< 23l/2 − 3 which means that q = 2 and p = 1. Then,
|E(C1)| = 3l/2 and |E(D1)| + |E(D2)| = 3l/2. Using the argument of (2) for the subgraph C1 ∪Di of [P] where
i = 1 or 2 we have that |E(C1)| + |E(Di)|33l/2/2, a contradiction. 
Proof of Theorem 2(iv). Put  = (l) = (l − 4)/4. Let us consider the embedding H of the icosahedron graph in
the plane and choose three vertices x, y, z ∈ V (H) such that dH (x, y) = dH (x, z) = dH (y, z) = 2. Let E(v) denote
the set of all edges incident with v ∈ V (H). There is precisely one edge ex ∈ E(x) such that no x{y, z}-path of length
2 is passing ex . And, by symmetry, there exist such edges ey and ez with respect to y and z.
If 12 l ≡ 0 (mod 4) then ex is subdivided by − 1 and all other edges of E(x) ∪ E(y) ∪ E(z) by  new vertices.
If 8< l ≡ r (mod 4) with r ∈ {1, 2, 3} put
A =
{
E(x)\{ex} for r = 1,
(E(x) ∪ E(y))\{ex, ey} for r = 2,
(E(x) ∪ E(y) ∪ E(z))\{ex, ey, ez} for r = 3
and, put A = ∅ if l = 8. Then, all edges of A are subdivided by  + 1 and all other edges of E(x) ∪ E(y) ∪ E(z) by 
new vertices.
In all these cases, two non-adjacent vertices u and v are connected by an edge if they are incident with the same face
and if there is a suitable w ∈ {x, y, z} such that 0<d(u,w) = d(v,w)(l − 4)/4.
If l = 5 then the edges of E(x) are subdivided by a new vertex.
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If l = 6 or 7 then the edges of E(x)\{ex} are subdivided by two new vertices and ex or the edges of E(y) ∪ {ex},
respectively, by a new vertex.
In these three special cases, two non-adjacent vertices u and v are connected by an edge if they are incident with the
same face and if d(u, x) = d(v, x) = 1 or 2.
The so constructed graph can be completed to a planar 5-connected triangulation H ∗ by adding further edges as
chords of faces. Moreover, it is not hard to check that every path inH ∗ containing the vertices x, y, z is of length at least
l. A simple calculation shows that the order of H ∗ in every case corresponds to the asserted upper bound for N∗3 (5, l).
Suppose that G is a planar 5-connected graph of order n such that the length of a shortest path containing certain three
vertices x, y, z is at least l. Lemma1with i=c=5 implies thatG has a path systemP=P5 withA=A5 ⊆ V (G)\{x, y, z}
such that q = |A| = 1. Relation (1) together with (2) and |C2|3l/2 implies 2n2(|E(C1)| + |E(D1)|) + 2|C2| −
1053l/2 − 10 and, consequently, n 523l/2 − 5 which proves the lower bound. 
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